An Interpolation Problem  by Carlitz, L.
MATHEMATICS 
AN INTERPOLATION PROBLEM 
BY 
L. C.i\RLITZ 
(Communicated by Prof. H. D. KLOOSTERMAN at the meeting of April 14, 1962) 
l. We consider the representation 
x2k = .~1 Ck,2s-1(X-1X-8+ 1}2s-1 (x+~X-8+ 1)2s-1 + ) 
[(k+ll/2] 
( 1. 1) [lc/21 
+ L Ck,2s(X-1X-8+ 1)2s (x+1X-8)2s, 
s~o 
where (1X)s=x(x+1 ... (x+8-1), (x)=1 and IX is arbitrary. This problem 
arose in connection with the evaluation of the sum ([1]; see also [2]) 
00 L (1-1)n (v+2n)2k+lJv+2n(x) 
n~o 
in the form 
where the U n(•l(x), V n("'(x) are polynomials in x. 
That the representation (1.1) is possible can be seen as follows. Assume 
that (1.1) holds up to and including k. Then since 
(x- IX -8 + 1)2s(X +IX -8)2s = (x2- (IX -8)2)(x- IX -8 + 1)2s-1 (x +IX -8 + 1)2s-1, 
(x- IX- 8)2B+1 (x+ IX-8)2s+l = (x2- (IX +8)2) (x- IX -8 + 1)2s (x +IX -8b, 
it follows that 
x2k+2 = L Ck,2s-1 {(x-N-8+ 1)2s (x+~X-8)2s 
8 + (1X-8)2 (X-IX-8+ 1)2s-1 (x+~X-8+ 1)2s-1} 
+ L Ck,2s{(x-1X-8)2s+l (x+~X-8)2s+l 
8 +,(1X+8)2 (x-~X-8+1)2s (x+IX-·8)2s}· 
This evidently yields the following recurrence relation 
(1.2) ~ Ck+l, 2s-1 = (IX- 8 )2 Ck, 2s-1 + Ck, 2s-2, 
( Ck+l,2s = (1X+8)2 Ck,2s+Ck,2s-1· 
This not only establishes the possibility of the representation ( 1.1) 
but furnishes a means of computing the coefficients ck,s· Indeed if we put 
00 
(1.3) fs(x) = L xk C1c,s, 
k~s 
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it follows at once from ( 1.2) that fs(x) satisfies 
~ /2s(x) = 1 _ (cx:s)2x /2s-1(x), 
( /2s-1(x) = 1 -(cxx+s)2x /2s-2(x). 
(1.4) 
Moreover if we take x = ex in ( 1.1) we get 
(1.5) 
so that ( 1.4) yields 
(1.6) 
1 
/o(x) = _1_2_' 
-<XX 
x2s 
/2s(X) = ----=-s ------
IJ (1-(cx+j)2x) 
i= -s 
x2s-1 
/2s-1(x) = -s-:1;-------
IJ (1-(cx+j)2x) 
i= -s 
We now assume that ex is not an integer or half of an odd integer. 
Then the factors 1- (ex+ j) 2x are distinct and we may put 
x2s s A 1 
s = I 1 ( ·)2 · IJ (1-(cx+j)2x) i~-s - cx+J X 
i= -s 
It follows that 
A .- Tis (( _L ')2-( ')2)-1- (-1)s 2(cx+j) IJs (2 ..L • ')-1 
1 -i~-s IX' J ex+~ - (s-j)! (s+j)! i~-s <X' ~+J ' 
i=Fj 
so that 
(l. 7) 2 s . ( 2s ) (cx+j)2k+l Ck,2s = -~ I ( -1)S-J . -s'--------'----
(28). i~-s s+J IJ (2cx+i+j) 
i= -s 
Similarly if we put 
x2s-1 s-1 A.' 
s = I 1 ( J ·J2 , IJ (1-(cx+j)2x) i~-s - cx+J X 
i= -s 
we find that 
A/= IT ((cx+j)2-(cx+i)2)-1=(-1)H-1 .2(cx;j) . 1 IT i~-s (8-J -1). (s+J). i~-s 
(2cx+i-1)-1, 
2 •- 1 . (2s-1) (cx+j)2k+l 
Ck,2s-1 = -;---1 I ( -1)8-J-1 . 8 • (2s-1). i~-s s+J IJ (2 . ') cx+~+J 
(1.8) 
i= -s 
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It is not difficult to verify directly that if the numbers ck,s are defined 
by means of (1.7) and (1.8) then (1.2) is satisfied. For example we have 
-( )2 __ 2_ f (- 1)•-J( 28) (1X+j)2k+1((1X+j)2-(1X+ 8)2) Ck+1, 2s IX+ 8 Ck, 2s - ( 2 ) I "'- + · 8 8 . i~-s 8 } II (21X+i+j) 
i= -s 
2 8 _ _ (28- 1) (IX+ j)2k+l 
----1 L ( -1)8 1 1 . 8 1 = Ck,2s-1· (28-1). i~-s 8+} II (2 . .) IX+~+} 
i=-8 
It is not immediately apparent from (1.7) and (1.8) that 
(1.9) (k < 8). 
However (1.9) is an easy consequence of (1.2). Moreover it follows from 
(1.2) that 
C2s, 2s = C2s-l, 2s-1 = C2s-2, 2s-2, 
so that 
(1.10) Cs,s = 1 (8=0, 2, 1, ... ). 
2. Let f(x) be a polynomial in x of degree k such that f( -- x) = f(x). 
It follows immediately from (1.7) and (1.8) that, provided IX is not an 
integer or half of an odd integer, 
) 
f(x) = L -(2 ~ 1) 1 (x-IX-8+ 1)2s-1 (x+IX-8+ 1)2s-1 Q,}s-1 /(IX) (2.1) 4s-2"'k 8 • 
1 
+ L -(2 )I (x-1X-8+1)2s (x+1X-8) 28 Q"-2s /(IX), 
48"'k 8 · 
where 
(2.2) 
(2.3) 
Since 
Q"-2s f(x) = 2 .± ( -1)•-J ( 28 ·) (~+j) f(x+j) ' 
i~-s 8+} II (21X+i+j) 
i= -s 
Q"-2s-1 f(x) = 2 "_i ( -1)•-J-1 (28-·1) .(~1+j) f(x+j) ' 
i~-s 8+} II (21X+i+j) 
i= -s 
s-1 
(X-IX-8+ 1)2s (x+IX-8)28 = II (x2-(1X+j)2), 
i~ -s 
s-1 
(x-IX-8+1)2s-1 (x+1X-8+1)2s-1 = II (x2-(1X+j)2), 
i~ -s+1 
44(i 
we may write (2.1) in the form 
(2.4) 
where f(x) =g(x2). 
The first few instances of (2.2) and (2.3) are 
Q f(x)=2f(x)-2f(x-l) 
"' . 2<X-l ' 
Q 2 /(x) = (2<X+ l) /(x-l)-4<X/(x) + (2<X-l) f(x+ l) 
"' (2<X-l) (2<X) (2<X, l) 
Q 3 j _ 2(<X-2)/(x-2 
" (x)- (2<X-4)(2<X-3)(2<X-2)(2<X-l) 
6(<X-l)f(x-l) 
(2<X-3)(2<X-2)(2<X-l)(2<X) 
2(<X+l)/(x-H) 6<Xj(x) 
+.,-,----:-;-,----':::.,-;-::--:--:------c-(2<X- ::n (2<X- 1 l (2<X) (2<X + 1) (2<X-l) (2<X) (2<X+ 1) (2<X +- 2). 
vV e have also 
i= -s 
+2._~ (-1)s-j( 2:-1~.1 ) (~+j)f(x~j). (2<X i j-s) 
1- s J II (2<X+H-J) 
1.= -s 
= 4<X i ( _1)s-j ( 2s ·) (~+j) f(x+j) , 
j ~- s 8 + J II ( ') I • .) ~<Xi t + J 
i= -s 
so that 
(2.5) 
Similarly we find that 
(2.6) Q"2s f(x)- Q~s_ 1 f(x-1) = (2<X-l) Q"2s+l f(x). 
In terms of the shift operator E defined by E f(x) = f(x 1 ), (2.5) and 
(2.6) become 
(2.7) 
(2.8) 
These imply 
(2<X -1) Q"2s+l = Q"2s _ Q~s_ 1 E-1, 
2<X Q,p = Q~+l E-Q"2s-l. 
,~ 9 ~ 2<X(2<X-l) (2<X-2) Qa2s+l 
(-. ) ( = (2<X- 2) Q~s,=-l E- 2(2<X- 1) Q}s-1 + 2<X Q~s~l E-1, 
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3. As noted previously the explicit formulas (1.7) and (1.8) are not 
valid for IX equal to an integer or half of an odd integer. We shall now 
examine the case IX= 0 in detail. We use the same notation as in § 1 ; 
in particular (1.6) now becomes 
(3.1) I x2s /2s(x) = -.----IT (1-j2x)2 I x2s-1 /2s-l(x) = • 1 . 
(1-s2x) ll (1-j2x)2 
\ i~l 
For brevity let 
(3.2) 
and put 
(3.3) 
Clearly 
(3.4) 
Now by (3.2) 
c/J(x) =}] (1-i2x), ~?J(x) = 1 ~;~x 
1 
j4s cpj2(M. 
-1..(~) = rr' (1- ~) = (-1)&-j (s-j)! (s+j)! 
'f'J j2 i~l j2 2j2• ' 
i'l'i 
so that (3.4) becomes 
(3.5) 4 A,= ((s-j)! (s+j)!)2 · 
In the next place it follows from (3.3) th;:tt 
But 
so that 
where 
(3.6) 
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• -i2 
cfo/(x) = cfoj{x) i~ l-i2x' 
H'i 
It follows that 
(3.7) B1 = A1 {-! + j(as+J- aH)}. 
By (3.1) and (3.3) we have 
00 • 8 
/28(x) = 0 + L (k+ 1) L A 1 j2k -xk- L L B; j2k xk; 
k~O i~1 k~O i~1 
therefore by (3. 7) 
(3.8) 
for k:;;d. 
• 
Ck,28 = L Aj j2k {k+f-j(O"s+j-O"s-j)} 
i~1 
To get ck,2s-l we make use of (1.2) and (3.8). Thus 
8 
Ck, 28-l = Ck+l,2s- 82 Ck, 28 = L A1 j 2k+2 {k + f- j(O"s+j- O"s-j)} 
i~1 
so that 
8 • 
• 
-82 L A1 j2k {k + i- j(as+i- Us-j)}, 
i~1 
(3.9) Ck,28-l = L A1j2k+2- L (82-j2) A1 {k+f-j(O"s+o-O"s-J)}. 
i~1 i~1 
By means of (3.5), (3.8) and (3.9) the Ck,s are explicitly determined. 
We remark that in the present case (L¥=0) (1.1) reduces to 
x2k =! Ck,28-l(X-8+ 1)2s-l +! ck,2s(X-82) (x-8+ 1)22s-l 
8 8 
s-1 s-1 
= L Ck,28-l II (x2-j2) + L Ck,2s II (x2-j2) 
s i~-s+1 s i~-s 
s-1 s-1 
=! Ck,2s-l x2 II (x2-j2)2+! Ck,2s x2(x2-82) II (x2-j2)2. 
i~O s i~O 
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Formulas corresponding to (2.1) can be obtained without any difficulty. 
4. The special set a = t can be handled much like the case a = 0 
and it will suffice to discuss it briefly. By (1.6) we have 
( 4.1) 
Put 
(4.2) 
(4.3) 
x2s-1 
fzs-l(X) = -s------
IT (1-(j-!)2x)2 
x2s-1 s A· s B· 
V'2(x) = i~ (1- (j ~!)2x)2- i~l1- (j !__ !)2x. 
Then it is clear that 
( 4.4) 
By (4.2) 
(4.5) 
1 
Ai = (j _ t )4s-2 V'i2( (j _ t )-2)' 
·(('-.l)-2)- (-1)s-i (s-j)! (s+j-1)!. 
V'J J 2 2(j _ !)2s-1 ' 
so that ( 4.4) becomes 
(4.6) 4 Ai = ((s-j)! (s+j -1)!)2 · 
As for Bj, it follows from (4.3) that 
1 . A. 1" .2(x)- x2s-1 lJ m ~J.!..::. rl-:...,..:.......,..,..,---
1pj2((j-!)-2)x~li-tl-' 1-(j-!)2x 
2Aj7pj((j-t)-2)1J!/((j-t)-2)- (2s-1) (j-t)-4s+4 
(j- !)2 1pj2((j- t-2) . 
_ 2 _ ) A-_ 2Ai V'/((j- t)-2 
- ( 8 1 J (j-t)27pj((j-t)-2)' 
Also 
i=Fj 
so that 
(4. 7) 
where ai is defined by (3.6). 
30 Series A 
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·Next by (4.1) and (4.3) 
00 8 00 8 
/2s-l(X)= 2 (k+l) 2AJ(j-f)2k- 2 2BJ(f-!)2k, 
k-0 i-1 k-Oi-1 
so that by ( 4. 7) 
• (4.8) ck,2s-1 = 2 A1(j- !)2k {k +!- (j- !) (as+J-1- O's-J)}. 
i-1 
Finally by (1.2) we have 
Ck,2s-2 = Ck+1,2s-1- (s-!)2 Ck,2s-1 
and it follows that 
(4.9) 
~ Ck, 28-2 = .± Aj(j- t )2k+2 
I -:t (s-i) (s+i-1) Ai{k+!-(i-l) (•<+H -••-J)}. 
By means of (4.6), (4.8) and (4.9) the ck,s are explicitly determined. 
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